This paper presents the roll-coating analysis of couple stress fluid under lubrication approximation theory. The governing differential equation developed under the approximation is solved to get exact expressions for velocity and pressure gradient. The engineering quantities of interest such as pressure, roll-separating (load-carrying) force, and power input function are computed numerically. How the couple stress fluid material parameter affects velocity, pressure, pressure gradient, load-carrying force, and power input is shown graphically. One observes that couple stress model predicts higher pressure in the nip region when compared to the Newtonian model. The load-carrying force and power input exceed their Newtonian values for strong couple stress effects. Moreover, the separation point moves left of its Newtonian value with increasing couple stress effects.
Introduction
Roll-coating is a process in which a liquid is applied over a moving sheet/web to produce a thin uniform fluid layer onto the sheet. The word ''web'' is frequently used in coating process to denote the sheet to be coated. Rollcoating is used in different processes such as making paper, paperboard, cellulosic film, plastic film, textile fiber, metal foils, etc. The limited literature on the theoretical aspects of roll-over-web coating using principles of fluid dynamics is reviewed in the next paragraph.
Greener and Middleman 1 first carried out the theoretical analysis of rollcoating under the assumption of small roll curvature and discussed the case when both roll and sheet have same speed. They obtained the exact expressions for film thickness and pressure distribution for a Newtonian fluid under lubrication approximation. They also successfully computed film thickness, roll-separating force and pressure numerically for power-law, and viscoelastic fluids. A coating from a roll to a sheet theory is also given by Middleman 2 in his text book on polymer processing. Marcio et al. 3 studied the deformable roll coating flows. They used a viscocapillary model together with lubrication approximation to discuss the flow between a rigid and deformable counterrotating roll with same speed. Coyle et al. 4 analyzed asymmetric forward roll Newtonian liquid coating. They presented the results based on lubrication theory, Galerkin/finite-element solution for full Navier-Stokes equations and asymptotic expansions for small gap-to-roll diameter ratio. The detailed fluid mechanics of meniscus forward and reverse roll coating was investigated experimentally by Gaskell et al. 5 using optical sectioning combined with dye injection and particle imaging techniques. They measured film thickness and meniscus location over a range of speed ratio and capillary number and compared their results with existing theoretical data. Benkreira et al. 6 briefly reviewed the analytic approaches used to discuss four coating flow categories namely: free, metered, transfer, and gravure coating flows. Sofou and Mitsoulis 7 employed the lubrication theory in conjunction with HershelBulkley constitutive equation to investigate roll-over-web coating flow. Zahid et al. 8 studied the roll-coating process using constitutive law of third grade fluid. They simplified the equation of motion using lubrication theory and calculated all engineering quantities such as pressure, velocity, pressure gradient, roll-separating force, etc. However, thus far no attempt is available which quantifies the effects of couple stresses on the roll-over-web coating process.
The couple stress theory was first introduced by Stokes 9 as a generalization of nonpolar Navier-Stokes theory that allows couple stresses and body couples in fluid medium. This theory introduces a size dependent effect in contrast to classical viscous theory. Due to rotational interaction among fluid particles, the stress tensor in couple stress theory is not symmetric. This antisymmetric part of stress tensor manifests itself in the momentum equation by raising its order from two to four. Couple stress theory is used to model many industrial fluid flows, such as lubricants with additives, polymeric fluids with suspensions, colloidal fluids, paints, liquid crystals, magmas, molten alloy, [10] [11] [12] [13] [14] [15] [16] etc. According to Stokes, 9 one could expect couple stresses to appear in noticeable magnitudes in a liquid with very large molecules or with additives. Coating materials and paints with additives are usually high molecular weight products. In such materials, the polymer chain may be a million times the water molecule diameter. It is therefore expected for couple stresses to appear in noticeable magnitudes in such fluid flows. In such situations, a fluid model must be integrated in the analysis which includes a rheological parameter that can be related to the polymer molecule size. A possible choice is couple stress model. In contrast to the Newtonian model, this model is characterized by an additional material constant . The new material constant is responsible for the couple-stress effects arising due to polymer molecule size. 9 Several researchers have exploited this idea and studied various problems related to industry, physiology, and mechanical engineering. [10] [11] [12] [13] [14] [15] [16] In view of the above discussion, couple stress fluid model is best suited to study the coating of materials with suspended particles or having high molecular weight, for example, ultra-high-molecular-weight polyethylene. Motivated by this fact the aim of this work is to provide the results for this process employing the couple stress fluid constitutive equation.
This paper is organized as follows. The governing equations are described in Flow equations section. The flow problem is formulated and solved in Problem formulation section. The pressure and other engineering quantity computations are carried out numerically using a procedure that is already implemented by Ali et al. 17 and Sajid et al. 18 for the calendering process.
Flow equations
The equations describing the incompressible couple stress fluid flow in the absence of body force and body couples are given by
where
Problem formulation
Let us consider that a fluid with couple stress is being coated on a sheet in an isothermal steady state operation. The cylindrical roll radius is R Ã and it is rotating anti-clockwise with angular velocity ! Ã , so that its linear velocity is U
The plate is moving in positive x-direction with uniform velocity U Ã 1 . The gap width between roll and plate in the minimal separation region-the nip region-is H 0 . The melt polymer first bites the plane at Figure 1 . Further, one assumes that H 0 =R Ã ( 1, so that in the nip region and extending to either sides the flow can be considered between two parallel boundaries. Under this assumption, the lubrication theory is valid near the nip region.
For a two-dimensional velocity field, defined by
Equations (1) to (3) can be written as
Since sheet and roll are moving with U Ã 1 and U Ã 2 , respectively, therefore the appropriate boundary conditions would be Figure 1 . Geometrical representation of roll-coating process with physical variables.
However, the above conditions are not sufficient to determine the flow field uniquely because of the higher order of the governing equations (5) and (6) . The two additional conditions arise from the requirement that couple stress tensor must vanish at both the sheet and roll surfaces. In fact, near the solid boundaries the microelement rotational motion is absent, that is, angular velocity is zero at both solid walls. Due to the angular velocity vanishing, the couple stress tensor also vanishes at both boundaries. The mathematical statement of these conditions is
In the context of roll-coating these conditions simply imply that the polymer molecules are unable to rotate due to resistance near the substrate and the roll.
In above conditions, h Ã x Ã ð Þ represents the variable roll height from the sheet and is given by
The above expression under the assumption H 0 =R Ã ( 1 reduces to
We conduct in conciseness an order of magnitude analysis 8 to obtain the characteristic scales for velocity and pressure with the help of the following scales for
From equation (1), and using equation (13), we obtain
which shows that the order of magnitude of a transversal velocity v Ã is smaller than longitudinal velocity u Ã , where the characteristic length is given
The characteristic pressure is obtained from equation (2) by a dominant balance between the pressure and viscous terms and is given by
Dimensionless equations
With the help of the order of magnitude analysis, the non-dimensional variables are defined as
Using dimensionless variables defined by equation (16) into equations (4) to (6), we obtain
( 1 is the dimensionless geometric parameter . ¼ H 0 =l is the dimensionless couple stress parameter . l ¼ ffiffiffiffiffiffiffiffi = p is a material constant having the dimensions of length.
According to Stokes, 9 the parameter l can be related to molecular dimensions and therefore one might expect greater couple stress effects in liquids with very large molecules. It is remarked here that further analysis is based on the determination of the leading velocity component u and the pressure gradient dp=dx. The normal velocity component v is not involved in the analysis.
However, it can be determined using equation (17) 
using equation (21), we can write dp dx
It is evident that the couple stress effects are quite large for small or for large l. The boundary conditions in dimensionless form are
. For the subsequent analysis, we assume that roll and sheet are moving with the same speed, that is, U ¼ 1. The case when U 4 1 corresponds to when the roll is moving faster than the web. Similarly, for the case when the web is moving faster than the roll, U 5 1.
Integrating equation (22) and using the boundary conditions (23) to (26), one gets u ¼ 1 þ dp dx
While integrating equation (22), it is assumed that p is not a function of y. Now to determine pressure, we use the definition of flow rate Q as
where W Ã is the roll width. In view of the dimensionless variables defined through equation (16) , the above expression becomes
Substituting u from equation (27) into equation (29) yields dp dx
Using equation (30) into equation (27), the velocity profile turns out to be
Integrating equation (30) subject to boundary condition p ¼ 0 at
where b is some value of x in the upstream region. In the above expression, l is still unknown. This unknown l can be related to the exit coated thickness H as
The assumption that the liquid splits evenly to coat both roll and the sheet is valid when U ¼ 1, that is, when roll and web are moving with the same speed. In terms of dimensionless variables, the above expression becomes
Based on the assumption above, on which the above expression is derived also enables us to identify that the separation point (the point where the liquid splits in two parts) as s ,
At the separation point the velocity must vanish by symmetric requirements, so that
The above expression can be used to compute the separation point once l is known. However, in the present scenario it is difficult to integrate equation (32) analytically. Moreover, it is also difficult to find the explicit dependence of s on l from equation (35). In view of these difficulties, it is appropriate to substitute the value of l from equation (35) into equation (32) and integrate the resulting expression from b ¼ À1 (for the case of infinite reservoir in the upstream region) to the ¼ s where the pressure becomes zero. Mathematically the problem is to find the value of s from the equation
where f s , x ð Þis the expression of dp =dx after substituting the value of l from equation (35). Any root finding algorithm can be used to find the required s from equation (36) . For the present analysis, Newton's iterative method is used. This method suggests to construct the iteration procedure as
where the derivative G 0 s ð Þ with respect to s is calculated using generalized Leibniz rule. The iteration procedure is started with initial guess s 0 ð Þ ¼ 2 and the final result is obtained after five iterations. Once s is found, l can be readily obtained for expression (35). After obtaining l and s , the pressure distribution follows from equation (32). The procedure described above is implemented in Mathematica 8. To check the validity of our code, we run it for the parameters similar to the ones used by other authors. For instance, for ¼ 400 we obtain s ¼ 2:4102 for which l ¼ 1:3015. This value is equal to the l obtained by Sofou and Mitsoulis 7 for Newtonian fluid. In the case when roll speed is double the web U ¼ 2 ð Þ, then
and the separation point is identified as s ,
The case when web speed is double the roll can be treated similarly. The l, H=H 0 , and s for the case when U ¼ 1 and U ¼ 2 are reported in Table 2 .
Operating variables
The roll-separating force per unit width and power input can be calculated using the formulae
The dimensionless force and power input are given by
and
Results and discussion
This section investigates how the couple stress parameter affects various quantities such as velocity, pressure, pressure gradient, load-carrying force, and power input. To this end, Figures 2-7 are plotted. The graphical results are produced using the representative parameters involved in the coating phenomenon given in Table 1 . The specific parameter l is not available in the literature for coating material and therefore its representative values are taken from other related studies. 19, 20 Figure 2 shows the pressure gradient dp=dx ð Þversus the axial coordinate x for various couple stress parameter, . Three distinct regions can be identified from the plot, namely, upstream region where dp=dx 4 0, nip region where dp=dx 5 0 and downstream region where dp=dx 4 0. In the upstream and downstream regions, the pressure gradient resists the flow while in the nip region it assists the drag flow due to the moving roll and sheet. The assistance or resistance increases with increasing couple stress parameter . It is worth mentioning that the region where dp=dx 5 0 contracts with increasing . Figures 3 and 4 show the velocity versus y at x ¼ 0 and x ¼ 1. At the first location x ¼ 0, the dp=dx is negative and thus it assists the drag flow due to the moving roll and sheet. As a result, the velocity at this location exceeds unity over the whole cross-section. On the other hand, at x ¼ 1, the pressure gradient is positive and as a result the velocity at this location is maximum at the roll and web surfaces and achieves values less than unity over the rest of the section. It is interesting to note that irrespective of axial position the role of couple stresses is to diminish the velocity. It is important to remember that smaller corresponds to enhanced couple stress effects while the fluid behaves like Newtonian when Figures 3 and 4 show that the observed velocity deceleration is due to the thickening effect produced by these molecules in the fluid. With an increase in , the thickening effect diminishes resulting in an increased flow velocity. Figure 5 shows the pressure profiles versus x for from 2 to 5 and the Newtonian case. To compare our results with Middleman, 2 we plotted pressure for ! 1. We note that this curve is identical to the corresponding curve in figures 8-11 of Middleman 2 (for n ¼ 1). This obviously confirms that our numerical scheme is valid. Figure 5 further reveals that all the profiles approach zero at some point in the far upstream region. Moving right to this point, the pressure monotonically rises to a maximum and then falls to zero at x ¼ 0. From here onward it achieves minimum at some positive axial location and then rises back to zero at x ¼ s . Near x ¼ 0 its magnitude is greatly enhanced with decreasing couple parameter, that is, increasing couple stress effects. Such pressure increase is attributed to the strong thickening effects exhibited by the couple stress fluid for smaller . Figure 6 shows the roll-separating force F ð Þ and power input function E ð Þ versus . Both F and E decrease with and approach asymptotically to their Newtonian values as ! 1. This clearly indicates that in contrast to Newtonian fluid both F and E are greater in fluids with couple stresses. The Newtonian values computed using our numerical code are in excellent agreement with Middleman 2 for Newtonian fluid. Table  2 shows the dimensionless volumetric flow rate l ð Þ, exit coating thickness H=H 0 ð Þ, and separation point s ð Þ for several . Clearly, these three quantities increase with increasing . Thus, in contrast to a Newtonian fluid, coating a couple stress fluid results in a decreased exit coating thickness. Figure 7 also confirms that the separation point shifts left from its Newtonian value with decreasing couple stress parameter. Also s approaches its Newtonian value in an asymptotic manner. For the case when the roll speed is double the web speed, the exit coating thickness decreases. For the case when U ¼ 1 the separation point shifts toward the downstream region.
Conclusion
A theoretical analysis for coating a couple stress fluid is carried out based on lubrication approximation. The exact velocity and pressure gradient expressions are obtained. The pressure and other engineering quantities are computed numerically. The graphical result illustrating the how the couple stress parameter affect the above mentioned quantities are displayed. The study may be summarized as:
. The flow velocity diminishes for enhanced couple stress effects.
. Pressure and pressure gradient in the nip region increases for strong couple stress effects. . In contrast to a Newtonian fluid, force and power input achieve higher values for fluids with couple stresses. . Under similar settings, exit coating thickness decreases when web is coated with a couple stress fluid instead of a Newtonian fluid. . The results of Middleman 2 are recovered as ! 1.
The rheological characterization for coating materials, to characterize the couple stresses, needs to be carried out so that the presented theoretical results can be compared with experimental ones.
